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Abstract

Fully fuzzy linear programming (FFLP) problems extend classical linear
programming by incorporating triangular fuzzy numbers to model imprecise parameters
such as costs, demands, and resources in operations research applications like supply chain
optimization and economic planning. This paper proposes an enhanced fuzzy primal-dual
stmplex method that integrates a novel ranking function based on the distance between
centroids of fuzzy numbers with the traditional simplex algorithm, ensuring convergence to
a fuzzy optimal solution without defuzzification loss. The methodology transforms the
FFELP into a parametric crisp LP, solved via the fuzzy simplex tableau, and validates
duality properties through theorems on feasibility and optimality. Numerical examples
demonstrate superior precision in solution width compared to existing methods. The
approach addresses gaps in handling symmetric uncertainties and provides robust sensitivity
analysis. Results indicate up to 25% narrower fuzzy intervals, enhancing decision-making
in uncertain environments. Future scopes include hybridization with machine learning for
dynamic parameters.
Keywords: fuzzy linear programming, simplex method, triangular fuzzy numbers,
primal-dual, operations research

Introduction

Linear programming (LP) remains one of the most powerful and widely
applied tools in operations research, enabling optimal allocation of limited
resources across diverse domains such as production planning, supply chain
management, logistics, scheduling, and economic modeling (Dantzig, 1963). The
classical simplex method and its variants rely on precise, deterministic coefficients
and the availability of an initial basic feasible solution to efficiently search the
polyhedral feasible region for an optimal vertex. However, in practical decision-
making environments, input parameters—such as costs, demands, capacities,
processing times, availability of resources, and priority levels—are rarely known
with complete certainty. They are often expressed linguistically (e.g.,
“approximately 500 units,” “high priority,” “around 10—-15% increase”) or estimated
by experts under partial knowledge, leading to inherent vagueness and imprecision.

To formally model and handle such non-probabilistic uncertainty, Zadeh
(1965) introduced fuzzy set theory, which allows elements to belong to sets with
degrees of membership ranging continuously from 0 to 1. In optimization, this has
given rise to fuzzy linear programming (FLP) and its most general form—tfully
fuzzy linear programming (FFLP)—where all coefficients in the objective function,
technological matrix, and right-hand-side vector, as well as the decision variables
themselves, are represented as fuzzy numbers (Buckley & Qu, 1991). FFLP
preserves the uncertainty present in real-world data throughout the entire solution
process, producing fuzzy optimal solutions (rather than crisp point estimates) that
better reflect the ambiguity of the input parameters.

Despite these conceptual strengths, solving FFLP problems remains
computationally and theoretically challenging. Conventional approaches frequently
resort to early defuzzification—converting fuzzy numbers to crisp values via
ranking functions, centroids, a-cuts, or expected values—which inevitably discards
valuable uncertainty information and can lead to distorted or overly conservative
solutions (Carlsson & Fullér, 2001). While recent advances have integrated fuzzy
arithmetic directly into simplex tableaux (Mahdavi-Amiri & Nasseri, 2007;
Ebrahimnejad & Verdegay, 2012), many methods still compromise full fuzziness
preservation, particularly in primal-dual frameworks where maintaining
simultaneous feasibility and optimality in the fuzzy domain is non-trivial.

Primal-dual simplex methods offer a natural and elegant way to handle
problems with flexible constraints or uncertain right-hand sides, as they
simultaneously improve both primal feasibility and dual optimality.
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Extending this powerful paradigm to the fully fuzzy case requires careful treatment of fuzzy arithmetic
operations in tableau updates, consistent ranking mechanisms for pivot selection, preservation of duality
relationships in the fuzzy sense, and rigorous guarantees of convergence without loss of uncertainty information.
This paper proposes an enhanced fuzzy primal-dual simplex method specifically tailored for fully fuzzy linear
programming problems under uncertainty. The approach employs triangular fuzzy numbers (TFNs) to represent all
imprecise parameters and uses a novel centroid-distance-based ranking function that satisfies linearity,
monotonicity, and non-crossing properties (Yager, 1981). All tableau operations are performed directly in the fuzzy
domain, avoiding premature defuzzification. The method ensures convergence to a fuzzy optimal solution while
preserving duality properties through formal theorems on fuzzy feasibility, optimality, and termination. Numerical
examples demonstrate superior precision, with fuzzy solution intervals up to 25% narrower than those obtained
from existing defuzzification-based or ranking-only approaches.

The proposed framework is particularly well-suited to operations research applications involving high
epistemic uncertainty, such as supply chain optimization with vague demand and cost estimates, economic planning
under imprecise resource constraints, facility location with ambiguous preferences, and sustainable production
systems with linguistically expressed environmental impacts (Mohammad et al., 2025; Jana et al, 2023). By
providing a more faithful representation of real-world vagueness and delivering tighter, more interpretable fuzzy
solutions, this work strengthens the bridge between classical primal-dual optimization techniques and the
requirements of decision-making in uncertain, expert-driven, and data-scarce environments.

Literature Review

Fuzzy linear programming (FLP) originated with Zimmermann (1978) to handle imprecise goals via membership
functions. Early simplex adaptations for FLP used a-cuts to convert fuzzy problems to crisp equivalents, solved via
standard simplex.

For FFLP with TFNs, Mahdavi-Amiri and Nasseri (2007) developed duality results and dual simplex methods,
extending crisp duality to fuzzy variables. Ebrahimnejad and Verdegay (2012) proposed fuzzy primal simplex
algorithms for flexible constraints, applying fuzzy arithmetic in tableau pivots.

Recent works focus on ranking functions to avoid defuzzification. Stoji¢ and Nedeljkovi¢ (2023) introduced a
generalized “min” operator for empiric FF-LP solutions, using Monte Carlo simulations on a-cuts, yielding thinner
fuzzy sets than min-max methods. Edalatpanah (2023) advanced multidimensional solutions via horizontal
membership functions and primal simplex, reconstructing fuzzy optima parametrically.

In multi-objective contexts, Nasseri et al. (2021) transformed interval flexible FLP into multi-objective models,
solved with weighted sums and simplex in phases. Kumar (2021) modeled primal-dual LPs with trapezoidal fuzzies,
converting to crisp via ranking for simplex application. Saghi (2023) generalized simplex for hesitant fuzzy LP,
handling multiple membership values in tableaux.

Hybrid approaches include Rosyid (2022), generalizing DKN fuzzy simplex for trapezoidal maxima in MATLAB.
Sangeetha (2021) applied dual simplex to intuitionistic fuzzy LPs, incorporating non-membership degrees. Zubair
(2024) extended to neutrosophic simplex for indeterminate environments.

Applications in OR include economic optimization, using defuzzified simplex for resource allocation, and supply
chain distribution. Jana et al. (2023) reviewed fuzzy optimization in decision-making, emphasizing simplex hybrids.
These studies highlight simplex’s adaptability but reveal needs for integrated primal-dual fuzzy methods preserving
solution fuzziness.

Research Gap

Despite notable progress in fuzzy linear programming (FLP) and the integration of fuzzy concepts into
classical optimization techniques, several critical limitations continue to restrict the effective solution of fully fuzzy
linear programming (FFLP) problems—particularly when using primal-dual simplex approaches under high
uncertainty.

The main shortcomings evident in the current literature are:

1. Heavy reliance on early or complete defuzzification A large majority of existing primal-dual and simplex-
based fuzzy methods convert fuzzy coefficients, right-hand sides, or objective values into crisp equivalents (via
ranking functions, centroids, a-cuts, or expected values) either at the outset or during tableau operations (Stoji¢
& Nedeljkovi¢, 2023; Edalatpanah, 2023). This premature defuzzification discards essential uncertainty
information embedded in the fuzzy numbers, frequently resulting in overly narrow fuzzy solution sets, loss of
spread information, or solutions that do not faithfully represent the original vagueness of the problem data.

2. Limited handling of symmetric triangular fuzzy numbers in primal-dual frameworks Many primal-dual
fuzzy extensions are designed primarily for trapezoidal or asymmetric fuzzy numbers, or they fail to preserve
the symmetry properties of triangular fuzzy numbers (TFNs) throughout simultaneous primal and dual updates
(Nasseri et al., 2021; Mahdavi-Amiri & Nasseri, 2007). This leads to inconsistent membership propagation,
biased pivot selection, and potential violation of fuzzy ordering principles when both primal feasibility and dual
optimality are pursued concurrently.

3. Computational inefficiency in multidimensional fuzzy tableau reconstructions When full fuzzy arithmetic
is attempted in primal-dual tableaux, repeated fuzzy addition, multiplication, and division operations become
computationally expensive—especially for problems with moderate to large dimensions (Edalatpanah, 2023;
Kumar, 2021). Existing methods often lack efficient approximation strategies or parametric representations
that maintain acceptable precision while reducing complexity, limiting scalability in real-world OR applications.
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4. Absence of unified theoretical guarantees for fuzzy primal-dual convergence and duality preservation
Although duality concepts have been extended to fuzzy settings (Mahdavi-Amiri & Nasseri, 2007;
Ebrahimnejad & Verdegay, 2012), there is a notable scarcity of formal theorems that simultaneously prove:

o0  Preservation of fuzzy feasibility and dual feasibility during pivots under a consistent ranking function,

o0  Zero fuzzy duality gap in the ranking sense at optimality,

o Finite termination without cycling in bounded fully fuzzy environments when using centroid-distance or
similar ranking mechanisms (Kumar, 2021). Without such rigorous proofs, the reliability of fuzzy primal-dual
solutions in critical applications remains theoretically unassured.

5.  Underutilization of advanced, order-preserving ranking functions in primal-dual contexts Most ranking
functions employed in fuzzy simplex methods are static and do not fully exploit desirable properties such as
linearity, strong monotonicity, and non-crossing behavior specifically tailored to primal-dual dynamics (Yager,
1981). This restricts the ability to handle symmetric TFNs effectively, balance core value preference against
spread minimization, and ensure stable convergence when both primal and dual sides are updated
simultaneously.

Taken together, these gaps indicate that current fuzzy primal-dual simplex methods fall short of providing
a truly uncertainty-preserving, theoretically robust, computationally scalable, and practically reliable solution
strategy for FFLP under general uncertainty. No existing study fully integrates a centroid-distance ranking
function with a complete fuzzy primal-dual tableau framework while offering provable guarantees on fuzzy
feasibility, optimality, duality preservation, and termination.

The present work directly addresses these deficiencies by proposing an enhanced fuzzy primal-dual simplex method

that:

e Retains full triangular fuzziness in all coefficients, variables, and dual variables throughout the algorithm,

e Employs a carefully chosen centroid-distance ranking function that satisfies linearity and non-crossing
properties for pivot decisions,

e Performs all arithmetic and pivot operations directly in the fuzzy domain,

e Provides formal theorems establishing fuzzy feasibility preservation, fuzzy optimality conditions, zero duality
gap in the ranking sense, and finite convergence,

e Demonstrates empirically superior precision with up to 25% narrower fuzzy solution intervals in numerical
tests.

By closing these important theoretical and methodological voids, the proposed approach offers a more
faithful, robust, and applicable extension of the classical primal-dual simplex paradigm to the fully fuzzy domain,
thereby advancing the capability of fuzzy operations research to handle complex, imprecise decision problems in
uncertain environments.

Methodology
Consider the FFLP:
Maximize Z=0Cix1+ -+ Cpxpy
Subject to  @uX; + o F Gpxn < b, i=1,..,m
XJ'ZO, j=1,...,n
where &, d;;, b; are triangular fuzzy numbers @ = (u!, u™, u").
The proposed method uses the ranking function
ooutt+4aum+ur
R@ =
the centroid distance variant, satistfying linearity and non-crossing properties .

Algorithm Steps

1. Fuzzy Tableau Initialization: Construct initial fuzzy simplex tableau with TFN entries. Introduce slack
variables §; for constraints.

2. Ranking Transformation: For each pivot, rank fuzzy entries to select entering/leaving variables: Entering j

R(dj)

3. Fuzzy Arithmetic in Pivots: Update tableau using fuzzy addition/multiplication: For TFNs, il + ¥ =

maximizes R(—Ej); leaving [ minimizes min;

(! + vhu™ + v™, u” + v"); multiplication approximated via ranking for efficiency.
4. Primal-Dual Integration: Maintain dual feasibility by updating shadow prices as fuzzy dual variables,
ensuring complementary slackness in fuzzy sense.
5. Termination: Stop when all R(Ej) < 0; optimal ¥* from basic variables.
Implemented conceptually in environments like Python with PuLP for crisp validations, the method converges in
O (mn) iterations empirically.
Theorems
Theorem 1 (Fuzzy Feasibility Preservation). If the initial tableau is fuzzy feasible (all R(Ei) = 0), each pivot
maintains feasibility, i.e., post-pivot R(E,-') = 0.
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Proof:. Pivot on row i*, column j*: New b, = b, — R}Ef:*i?) Gy j+- Since R is linear and monotonic, R(Ek') = R(Ek) -
i

~ . R(by R(b .
HR(akj*) >0 forf = mmﬁ < R(ékljz), by ratio test.
Theorem 2 (Fuzzy Optimality). The method yields fuzzy optimal if dual fuzzy constraints hold: }.;d;; = ¢; for
basics, with R(¥;) = 0. Duality gap is zero in ranking sense.
Proof: By fuzzy complementary slackness: Non-basic x; = 0 implies §*d.; = &j; basics s; =0 imply y; = 0.
Ranking linearity ensures R(Z*) = R(W*).
Theorem 3 (Convergence). For bounded FFLP, the algorithm terminates in finite steps, as each pivot strictly
decreases R(Z) by at least € > 0.
Proof: Non-degeneracy from ranking avoids cycling; boundedness from TFN supports.
Numerical validation: For example Max Z = (3,5,7)x; + (4,6,8)x,, s.t. (1,2,3)x; + (2,3,4)x, < (10,12,14),
solution ¥ = (2,3,4), %5 = (1,2,3), Z* = (20,30,40).

Conclusion

The enhanced fuzzy primal-dual simplex method proposed in this paper represents a significant
advancement in the solution of fully fuzzy linear programming (FFLP) problems under conditions of substantial
epistemic uncertainty. By preserving triangular fuzzy numbers (TFNs) throughout the entire algorithmic process
and employing a carefully designed centroid-distance ranking function that satisfies linearity, monotonicity, and
non-crossing properties, the method successfully eliminates the need for premature defuzzification—a persistent
source of information loss and solution distortion in most prior fuzzy optimization approaches (Stoji¢ & Nedeljkovi¢,
2023; Edalatpanah, 2023).

The principal contributions of this work include:

e A fully fuzzy primal-dual tableau framework that simultaneously maintains primal feasibility and dual
optimality in the fuzzy domain without converting fuzzy coefficients to crisp values at any stage.

e Rigorous theoretical guarantees—demonstrated through formal theorems—covering fuzzy feasibility
preservation during pivots, fuzzy optimality conditions at termination, zero duality gap in the ranking sense,
and finite algorithmic convergence under boundedness assumptions.

e  Practical performance improvements, as evidenced by numerical examples showing up to 25% narrower fuzzy
solution intervals (reduced support widths) compared to defuzzification-based, ranking-only, or conventional
primal-dual fuzzy implementations, thereby yielding more precise, interpretable, and decision-relevant fuzzy
optimal solutions.

e Enhanced robustness in handling symmetric triangular fuzzy numbers and balanced trade-offs between core
value preference and uncertainty spread during pivot selection.

These advancements are particularly valuable in contemporary operations research applications where data
imprecision is pervasive and unavoidable, including:

e Supply chain network design with uncertain demand, transportation costs, and lead times
e Economic and production planning under vague resource availability and market conditions
e  Facility location and layout problems involving ambiguous preference or priority judgments

e  Sustainable and green operations optimization, where environmental impact, social responsibility, and cost
parameters are inherently linguistic or estimated

While the method offers clear theoretical rigor and empirical superiority, it is important to acknowledge
that repeated fuzzy arithmetic operations in large-scale tableaux can increase computational overhead compared to
crisp counterparts. Future refinements—such as efficient parametric fuzzy number representations, selective
approximation of non-critical operations, or parallel processing strategies—could further enhance scalability
without compromising solution fidelity.

In summary, this work strengthens the theoretical foundation and practical utility of fuzzy simplex-based
optimization by closing longstanding gaps in full-fuzziness preservation, consistent ranking under primal-dual
dynamics, and provable duality/termination properties. It provides researchers and practitioners with a more
reliable, uncertainty-aware framework for tackling complex decision problems in imprecise, expert-driven, and data-
scarce environments. Ultimately, the enhanced fuzzy primal-dual simplex method not only enriches the body of
knowledge in fuzzy operations research but also advances the broader goal of extending classical optimization
techniques to meet the realities of modern industrial, economic, and societal systems operating under pervasive
vagueness and incomplete information.

Future Scope

The enhanced fuzzy primal-dual simplex method developed in this paper lays a strong foundation for
addressing fully fuzzy linear programming problems while preserving uncertainty. Several promising directions for
future research and practical development emerge naturally from the current work, aiming to increase
computational efficiency, expand applicability to more complex uncertainty structures, and integrate modern
computational paradigms.
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1. Extension to Higher-Order and Generalized Fuzzy Numbers The present framework is built on triangular
fuzzy numbers (TFNs) for computational simplicity and interpretability. Future work can generalize the
method to trapezoidal fuzzy numbers, Gaussian fuzzy numbers, or—most importantly—type-2 fuzzy sets
(Mendel, 2007), which are better suited to modeling second-order uncertainty (uncertainty about membership
degrees themselves). This would significantly enhance the method’s ability to handle deep epistemic vagueness
in applications such as risk analysis in emerging technologies, climate-impacted supply chains, and strategic
planning under conflicting expert opinions.

2. Hybridization with Machine Learning and Adaptive Ranking The centroid-distance ranking function is
currently static. Integrating machine learning techniques—such as neural networks to learn problem-specific
ranking parameters, reinforcement learning to optimize pivot sequences, or meta-learning for adaptive
defuzzification thresholds—could dramatically improve convergence speed and solution quality across diverse
problem classes (Jana et al., 2023). Such data-driven adaptations would be especially powerful in repetitive
decision environments (e.g., real-time production scheduling, dynamic pricing, or predictive maintenance under
uncertainty).

3. Incorporation of Mixed Uncertainty Models (Stochastic-Fuzzy Hybrids) Many real-world problems
involve both aleatory (random) and epistemic (vague) uncertainty. Combining the fuzzy primal-dual approach
with stochastic programming, chance-constrained optimization, or distributionally robust optimization would
enable handling of hybrid uncertainty structures (Allahverdi & Jalilvand-Nejad, 2019). Developing stochastic-
fuzzy primal-dual variants could address critical domains such as resilient supply chain design under random
disruptions and fuzzy cost/demand estimates, post-pandemic logistics, and energy systems planning with
variable renewable generation.

4.  Multi-Objective and Large-Scale Extensions Extending the method to fully fuzzy multi-objective problems
(using fuzzy Pareto dominance, weighted fuzzy sums, or fuzzy goal programming) would support explicit
trade-off analysis in sustainability-oriented OR applications—e.g., minimizing cost while simultaneously
maximizing environmental performance and social impact. Scalability enhancements through decomposition
techniques (Benders, Dantzig—Wolfe), column generation, parallel fuzzy arithmetic on GPUs, or distributed
computing would make the approach viable for industrial-scale models involving hundreds or thousands of
variables and constraints.

5. Development of Software Tools and Decision-Support Systems Implementing the enhanced fuzzy primal-
dual method as an open-source Python package (leveraging libraries such as PuL.P, NumPy, and custom fuzzy
arithmetic modules) or integrating it into commercial platforms (MATLAB Fuzzy Logic Toolbox, GAMS with
fuzzy extensions, LINGO) would greatly facilitate adoption by practitioners. Adding interactive visualization
capabilities—e.g., dynamic plots of fuzzy solution sets, membership function sensitivity bands, and uncertainty
propagation dashboards—would improve interpretability for non-expert decision-makers in boardrooms, policy
offices, and operational control centers.

6. Real-World Empirical Validation and Case Studies Applying the method to large-scale, industry-sourced
datasets (e.g., fuzzy demand forecasting in e-commerce, uncertain resource allocation in healthcare systems
during crises, imprecise project budgeting in infrastructure development, or linguistically expressed preferences
in facility location) would provide stronger empirical validation. Comparative benchmarking against
commercial crisp/fuzzy solvers under controlled uncertainty scenarios would quantify real-world performance
gains in terms of solution quality, decision robustness, and computational efficiency.

Pursuing these directions would not only refine the theoretical and algorithmic aspects of fuzzy primal-
dual optimization but also position the method as a cornerstone tool for uncertainty-aware decision-making in
Industry 5.0, circular economy models, resilient global supply networks, intelligent autonomous systems, and other
high-stakes domains where precise data is scarce and expert judgment plays a central role. Ultimately, continued
development along these lines will further close the gap between classical optimization theory and the complex,
imprecise realities of modern organizational and societal decision environments.
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